1 Introduction and formulation of the results
Informal statement of the results
Morse-Smale systems are the simplest dynamical systems, and correspond to the evolution that one may imagine, before knowing the existence of chaotic evolutions: every orbit flow down to a (periodic) equilibrium point and comes (if it is not an equilibrium point himself) from another periodic point. More precisely, a diffeomorphism is called Morse-Smale if it has finitely many periodic points, all of them are hyperbolic, the stable and unstable manifolds of any two periodic points are transverse, and every point in the manifold lies in both an unstable manifold and a stable manifold.
Further this simple behaviour, the importance of Morse-Smale systems comes from the fact that they are structurally stable (see [35, 37] ): the dynamics remains unchanged (that is, conjugated to itself) under small perturbation in the C 1 -topology. The time-1 map of the gradient flow of a generic Morse function is the typical example of Morse-Smale diffeomorphism (the genericity is needed to get the transversality condition). One could therefore hope that the manifold and the dynamic are characterized by simple combinatorial informations on the periodic orbits, and the position of the invariant manifold. That is indeed the case for Morse-Smale vector-field on compact surfaces where a complete description and an a classification (up to topological equivalence) has been obtained by Peixoto [41] and for 2-sphere it was a formalization of the Leontovich-Mayer's scheme [31] .
The problem is substantially more complicated in the case of diffeomorphisms. In particular, Morse-Smale diffeomorphisms (while dynamically as "simple as possible") are not necessarily embedded into a flow, even in a topological flow: the simplest obstruction is the existence of transverse intersection points between stable and unstable manifolds of complementary dimensions. This heteroclinic intersection points lead to the main difficulty for classification of the Morse-Smale diffeomorphisms on surface. They admit an invariant like to Peixoto's graph in the case of finitely many heteroclinic orbits, what was proved by A. Bezdenezhnykh and V.
Grines [5] , [6] , [19] . Indeed a Morse-Smale diffeomorphisms on a compact surface may have infinitely many heteroclinic orbits, which cut the stable and unstable manifolds in infinitely many orbits of segments: the topological relative position of these segments in the surface are a topological conjugacy invariant of the diffeomorphisms. Nevertheless these infinitely many segments seems to follow a finite pattern: ending a long sequence of papers, Ch. Bonatti and R. Langevin [15] provided a finite combinatorical complete invariant for Morse-Smale diffeomorphisms of surfaces, (as well as structurally stable diffeomorphisms with non-trivial basic sets).
Even Morse-Smale diffeomorphisms without heteroclinic intersections may not belong to a topological flow (see [22] for a characterization of this phenomenon, see also [7] for an answer in the opposite direction). Thus the gluing of the dynamics from one periodic point to the next is not necessarily given by a flow, and can be very interesting from the topological viewpoint (see Figure 1 ). In view of the complexity of the classification of Morse-Smale diffeomorphisms on surface, and in view of the new topological behaviors allowed in dimensions ≥ 3, a classification of Morse-Smale diffeomorphisms in dimension 3 could appear hopeless. Nevertheless, below we describe a general approach to a classifiaction of the dynamics of a Morse-Smale diffeomorphism in dimension 3.
The most simple among the Morse-Smale diffeomorphisms is the "source-sink" diffeomorphism whose non-wandering set consists of exactly two fixed points: a source and a sink. The "source-sink" diffeomorphisms have trivial dynamics: all the non-fixed points are wandering and under the action of the diffeomorphism they move from the source to the sink. Topological conjugacy of all these diffeomorphisms follows from the fact that the spaces of their wandering orbits are homeomorphic to S n−1 × S 1 (in the orientation preserving case). The next simplest case in dimension 3 is the orientation preserving Morse-Smale diffeomorphisms f whose non-wandering sets consist of exactly four fixed points: two sinks ω 1 , ω 2 , one saddle point σ with a 1-dimensional unstable manifold, and a source α (see Figure 1 (a) ). The classification of such diffeomorphisms is the aim of [8] which shows that there is a one to one correspondence between the topological conjugacy classes of such Morse-Smale diffeomorphisms f and the knots γ in S 2 × S 1 in the homotopy class of the S 1 factor, up to homeomorphisms acting trivially on Z = H 1 (S 2 × S 1 ). In that case, S 2 × S 1 is the space of orbits in the punctured basin W u α \{α}, and a tubular neighborhood of the knot γ is the projection on this orbit space of the punctured stable manifold W s σ \ {σ}. Note that the dynamics still looks line a "source-sink" dynamics, but the sink has been replaced by the invariant compact segment {ω 1 } ∪ W u σ ∪ {ω 2 }, which is an attracting set. This segment is wildly knotted if and only if the knot γ is not trivial (where trivial means isotopic to the S 1 factor). Another simple case consists in the Morse-Smale diffeomorphisms f on a closed 3-manifold M 3 which are the time one map of the gradient X of a generic Morse function. In that case Smale's result [48] implies the existence of a closed (connected) surface Σ f transverse to X, disconnecting M 3 in two components: one repelling component and one attracting component; furthermore, the sources and the saddles with a 1-dimensional stable manifolds belong all to the repelling component, and the sinks and the saddles with 1-dimensional unstable manifolds belong all to the attracting component. Here, proceeding our analogy with the source-sink dynamics, what plays the role of source (resp. sink) is the graph built by the union of the sources (sinks) and 1-dimensional stable (unstable) manifolds of saddles. Then, the surface Σ f intersects transversally every 2-dimensional stable (resp. unstable) manifold of the saddles, and the intersection is exactly 1 circle. Thus Σ f is equipped with a family C When one studies a more complicated Morse-Smale diffeomorphism f : M 3 → M 3 on a closed 3-manifold M 3 , we will see that the dynamics looks similar but "the source" and "the sink" then stand for the closed invariant sets of as simple topological structure as possible. One of them, denoted by A f , is a compact attracting set and the other R f is a compact repelling set. Consider now the open set V f = M 3 \ (A f ∪ R f ). If the orbit spaceV f = V f /f can be canonically described, then it gives a good chance to get a complete topological invariant for these diffeomorphisms.
More precisely, one considers the attractor A f (repeller R f ) as the closure of all onedimensional unstable W u p (stable W s p ) manifolds of saddle points p. One can check that A f (R f ) is a connected one-dimensional lamination in M 3 or a sink (source) in the exceptional case where there are no saddle points with the one-dimensional unstable (stable) manifold. These 1-dimensional laminations do not disconnect the manifold M 3 . Thus the set V f is a connected 3-manifold, and one shows that the orbit spaceV f is a closed connected manifold. Moreover, [16] proved thatV f is a prime manifold, that is a closed orientable 3-manifold which is either homeomorphic to S 2 × S 1 or irreducible (any smooth 2-sphere bounds a 3-ball there).
The closed manifoldV f is our first conjugacy invariant 1 .
We denote by p f : V f →V f the natural projection. Note that p f is a cyclic cover whose deck transformation group is generated by f . Such a cyclic cover is associated to an epimorphism η f :
is the natural representation of π 1 (V f ) in the deck transformation group. Then, η f ∈ H 1 (V f , Z) is our second conjugacy invariant.
Our next invariants consist of the projection inV f of the 2-dimensional invariant (stable or unstable) manifolds of the periodic saddle. The intersection with V f of the 2-dimensional stable manifolds of the saddle points of f is an invariant 2-dimensional lamination Γ s f , with finitely many leaves, and which is closed in V f . Each leaf of this lamination is obtained by removing from a stable manifold its set of intersection points with the 1-dimensional unstable manifold; this intersection is at most countable. As Γ s f is invariant under f , it passes to the quotient in a compact 2-dimensional laminationΓ s f onV f . Note that each 2-dimensional stable manifold is a plane on which f acts as a contraction, so that the quotient by f of the punctured stable manifold is either a torus or a Klein bottle. Thus the leaves ofΓ s f are either tori or Klein bottles which are punctured along at most countable set.
One defines in the same way the unstable laminationΓ 
) and we call S f the scheme associated to f . More generally, in our setting, an abstract scheme is a collection S = (V , η,Γ s ,Γ u ) whereV is a closed 3-manifold, η is an epimorphism from π 1 (V ) to Z andΓ s ,Γ u are two 2-dimensional transverse compact laminations inV . Two schemes S = (V , η,Γ s ,Γ u ) and
The realization problem has been solved in the general setting in [14] generalizing the solution proposed in [11] for the gradient-like diffeomorphisms.
The aim of this paper is to prove that S f is a complete conjugacy invariant for (orientation preserving) Morse-Smale diffeomorphisms:
Theorem (Classification of Morse-Smale diffeomorphisms on 3-manifolds)Let M 3 and M 3 be closed orientable 3-manifolds and f : M 3 → M 3 and f : M 3 → M 3 be two orientation preserving Morse-Smale diffeomorphisms. Then f, f are topologically conjugate if and only if the scheme S f is equivalent to the scheme S f .
The fact that, if f is conjugated to f then the scheme S f and S f are conjugated is almost "by construction": a conjugacy homeomorphism h: M 3 → M 3 maps V f to V f and the fact that it is a conjugacy implies that it passes to the quotient in an homeomorphismĥ:V f →V f , which is an equivalence between the two schemes. The aim of the paper is to prove the reverse implication.
Intuitive idea for the proof
Let M 3 and M 3 be closed orientable 3-manifolds and f : M 3 → M 3 and f : M 3 → M 3 be two orientation preserving Morse-Smale diffeomorphisms. Assume that there is a homeomorphism ϕ:V f →V f which realises an equivalence between the scheme
Asφ * (η f ) = η f the homeomorphismφ admits a lift ϕ: V f → V f and h conjugates the generator of the deck transformation groups of the covers p f : V f →V f and p f : V f →V f . In other words, ϕ conjugates the restrictions of f and f to V f and V f , respectively. It is not hard to check that ϕ can be extended on the periodic sources, sinks and saddles.
If the homeomorphism ϕ admits a continuous extension to the 1-dimensional stable and unstable manifold of the saddle points, then it induces a conjugacy between f and f , ending the proof. However, in general, ϕ does not admit such a continuous extension on the 1-dimensional invariant manifolds: we will need to modify ϕ in order to get a new homeomorphism, extending on the 1-dimensional invariant manifolds, and that is the aim of this paper.
Let us first present a very tempting conceptual and global approach. Each saddle point σ is equipped with an invariant linearising neighborhood N σ with invariant stable F s σ and unstable F s σ foliations. Furthermore, these system of local foliations is compatible: these invariant neigborhoods may intersect, and on the intersection, the stable leaves of dimension 1 are contained in the 2-dimensional stable leaves, the stable foliations of the same dimensions coincide, and so on. The existence of such compatible system of foliations comes back to the proof of the structural stability of the Morse-Smale diffeomorphisms.
These locally invariant compatible foliations induce on the quotientV f andV f compatible foliations defined in the neighborhood of the stable and unstable laminationsΓ s f ∪Γ u f and Γ s f ∪Γ u f , respectively. If one can modifyφ:V f →V f in order that it preserves these foliations, we are done: each point in a one-dimensional stable or unstable manifold is the intersection point of this manifold with a 2-dimensional leaf.
This approach works well when the diffeomorphisms f and f have no heteroclinic intersections. In that case the laminationsΓ s f andΓ u f are disjoint and consist of finitely many tori or Klein bottles. Then we could modifyφ in a neighborhood of the laminationΓ s f andΓ u f in order that it preserves the system of compatible foliations, and we could glue this local modification with the old homeomorphism far from the laminations. This comes from the following general fact: Proposition 1.1 For given a torus T embedded to a 3-manifold M 3 and a local orientation preserving homeomorphism ψ defined in a neighborhood U (T ) of T and inducing the identity by restriction on T , there is homeomorphism Ψ which is the identity map in a small neighborhood of T and which coincides with ψ in ∂U (T ).
We have not been able to get such a statement for the general and transversely intersecting laminationsΓ s f andΓ u f . For this reason we have given up on this global conceptual approach, and go back to a progressive, step by step, approach. What we do is to consider the saddle points one by one. First we consider the saddle σ 0 whose 1-dimensional unstable manifold is not accumulated by other. In other words, we consider saddle whose 2-dimensional stable manifold do no intersect the 1-dimensional stable manifolds. For such a saddle, we modify ϕ in a neighborhood of its unstable manifolds. Then we will consider the saddle σ 1 whose 1-dimensional unstable manifold is only accumulated by the ones on which we have already done the modification. Then we will perform a modification of ϕ preserving the modifications which have been already done, and preparing the next modifications. In this way we will consider one by one the saddles σ 0 , . . . , σ n with 1-dimensional unstable manifold. When we performed all the modifications for getting an extension along every 1-dimensional unstable manifold, we will consider the saddle points with the other index, with 1-dimensional stable manifold. We will check that we can perform the same kind of modifications without breaking the extensions which have been already done.
Le us try to explain, very roughly, how we modify the conjugacy homeorphism ϕ in the neighborhood of a periodic orbit. First notice that the homeomorphism ϕ, in restriction to a given 2-dimensional unstable manifold extends by continuity in a unique way on the heteroclinic points (which are at most countably many). Therefore ϕ can be considered as defined on the whole 2-dimensional unstable (or stable manifold). We also define a conjugacy homeomorphism ψ s on the union of the 1-dimensional stable manifold, so that ψ s preserves the holonomies of the local 2-dimensional (compatible) unstable foliations. In any small linearizing neighborhood of a saddle point σ, one gets a local conjugacy homeomorphism φ σ whose expression is the product of the restriction of
σ ϕ is a homeomorphism defined in a neighborhood of σ and commuting with the diffeomorphism f and inducing the identity map on W u σ . The goal is now to build a homeomorphism commuting with f , coinciding with the identity map in a neighborhood of σ and coinciding with ξ σ out of a slightly larger neighborhood. The difficulty is that this homeomorphism needs to preserve the intersection of this neighborhood with the invariant manifold crossing the neighborhood. We want also to preserve the extension we already have done in a neighborhood of the other saddles. These neighborhoods are crossing the neighborhood of σ as vertical tubes, that we want to preserve. As W u σ locally disconnects the manifold, we work only on 1 side of W u σ . One choose a fundamental domain of the local dynamics which is the product of an annulus (fundamental domain in W u σ ) by a vertical segment. The main topological difficulty we need to solve is to extend a homeomorphism defined in a neighborhood of this fundamental domain preserving at the same time the 2-dimensional horizontal unstable leaves, some 2-dimensional stable leaves also crossing, and the homeomorphism in some crossing tube. This will be done by using variations of Proposition 1.1. For being able to solve this puzzle, we try first to simplify as most as possible the geometry of these intersections. For these modifications, we will use results from the topology of 3-manifolds, allowing to extend in the interior of a region homeomorphism defined on the boundary. This topological tools are built from classical results in Section 5.
Illustrations to the scheme S f
Indeed one may see the factor spaceV f = V f /f as obtained by taking a fundamental domain in the basin of the attractor A f and identifying its boundaries by f . It will be helpful to define the epimorphism The left-side of Figure 2 shows a Morse-Smale diffeomorphism f : S 3 → S 3 the nonwandering set of which consists of five periodic points p with the following periodic data
. Then A f = ω and the right-side of Figure 2 shows the fundamental domains of the action of the diffeomorphism f on W s ω \ ω. The domain is a 3-annulus from which the orbits spacesV f is obtained by gluing the boundary spheres of the annulus by f and, hence,V f is diffeomorphic is a double-round torus. Figure 3 shows the phase portrait of a Morse-Smale diffeomorphism f of the 3-sphere which is the time-1 map of a flow on S 3 . The non-wandering set of this diffeomorphism consists of the source α, the sink ω and the two saddle points σ 1 , σ 2 with one-dimensional and twodimensional unstable manifolds, respectively. We also assume that the stable manifold of the point σ 1 intersects the unstable manifold of the point σ 2 by the unique non-closed noncompact heteroclinic curve. In this case the attractor A f = cl(W u σ ) is a closed curve which is homeomorphic to the circle and it is tamely embedded into the ambient manifold S 3 . Moreover the attractor A f has a trapping neighborhood M f homeomorphic to the solid torus and such
. Therefore the factor spaceV f for this diffeomorphism is homeomorphic to the 3-torus T To represent an embedding of a punctured surface let us consider a dynamical system whose phase portrait is on Figure 4 . For this diffeomorphism A f is a sink ω and fixed saddle points σ 1 , σ 2 , σ 3 satisfy the conditions:
∩ A f consists of a finite number 
form an u-lamination (see Figure 5 ). For arbitrary Morse-Smale diffeomorphism f : M 3 → M 3 we get two transversally intersected s-laminationΓ introduced the concept of a rough system of differential equations defined in a bounded part of the plane: a system that retains its qualitative properties under small changes in the right-hand side. They proved that the flow generated by such a system is characterized by the following properties:
• the set of fixed points and periodic orbits is finite and all its elements are hyperbolic;
• there are no separatrices from a saddle to a saddle;
• all ω-and α-limit sets are contained in the union of fixed points and periodic orbits (limit cycles).
The above properties are also known to characterize rough flows on a two-dimensional sphere. A similar result for flows with closed section and without equilibrium states on a two-dimension tori follows from the paper of A. Mayer [32] in 1939. The principal difficulty in passing from a two-dimensional sphere to orientable surfaces of positive genus is the possibility that there may A similar criterion and density were proved by M. Peixoto [39] , [40] Morse-Smale systems are named after Smale's 1960 paper [47] in 1960, where he first studied flows with the properties above and proved that they satisfy inequalities similar to the Morse inequalities. That Morse-Smale systems are structurally stable was later shown by S. Smale and J. Palis [35] , [37] . However, already in 1961 S. Smale [49] that such systems do not exhaust the class of all rough systems, constructing for this purpose a structurally stable diffeomorphism on the two-dimensional sphere S 2 with infinitely many periodic points. This diffeomorphism is now known as the "Smale horseshoe". Nevertheless, these systems have great value both in applications (because they adequately describe any regular stable processes) and in studying the topology of the phase space (because of the deep interrelation between the dynamics of these systems and the ambient manifold).
The crucial question in the study of dynamical systems is the determination of the set of complete topological invariants: properties of a system that uniquely determine the decomposition of the phase space into trajectories up to topological equivalence (conjugacy). We recall that two flows f t , f t (two diffeomorphisms f , f ) on an n-manifold M n are said to be topologically equivalent (topologically conjugate) if there exist a homeomorphism h : M n → M n that carries trajectories of f t to trajectories of f t (which satisfies to the condition f h = hf ). Today, this problem has a rich history.
The equivalence class of Morse-Smale flows on a circle is uniquely determined by the number of its fixed points. For cascades on a circle, A. Mayer [32] found in 1939 a complete topological invariant consisting of a triple of numbers: the number of periodic orbits, their periods, and the so-called ordinal number. In 1955 E. Leontovich and A. Mayer [31] introduced a compete topological invariant -the scheme of a flow -for flows with finitely many singular trajectories on a two-dimensional sphere. This scheme contained a description of singular trajectories (equilibrium states, periodic orbits, separatrices of saddle equilibrium states) and their relative positions. In 1971, M. Peixoto [41] formalized the notion of a Leontovich-Mayer's scheme and proved that for a Morse-Smale flow on an arbitrary surface a complete topological invariant is given by the isomorphism class of a directed graph associated with it whose vertices are in a one-to-one correspondence with the equilibrium states and closed trajectories and whose edges correspond to the connected components of the invariant manifolds of the equilibrium states and closed trajectories, where the isomorphisms preserve specially chosen subgraphs 5 . Morse-Smale flows (cascades) given on manifolds of dimension n ≥ 3 (n ≥ 2) feature a new type of motion compared with lower-dimensional systems, because of possible intersections of the invariant manifolds of distinct saddle points -heteroclinic intersection. V. Afraimovich and L. Shilnikov [2] proved that the restriction of Morse-Smale flows to the closure of the set of heteroclinic trajectories is conjugate to a suspension over a topological Markov chain. Nevertheless, an invariant similar to the Peixoto graph proved to be sufficient for describing a complete topological invariant for a broad subclass of such systems, and in particular for MorseSmale diffeomorphisms on surfaces with finitely many heteroclinic orbits (A. Bezdenezhnykh, V. Grines [5] , [6] in 1985, V. Grines [19] in 1993) 6 ; for flows with a finite number of singular trajectories on 3-manifolds (Ya. Umansky [52] in 1990); for flows on the sphere S n , n ≥ 3 without closed orbits (S. Pilyugin [42] in 1978); for diffeomorphisms on M n , n > 3 with saddle 5 In [34] A. Oshemkov and V. Sharko pointed out a certain inaccuracy concerning the Peixoto invariant due to the fact that an isomorphism of graphs does not distinguish between types of decompositions into trajectories for a domain bounded by two periodic orbits. 6 One should also point out that R. Langevin [29] proposed a different approach to finding topological invariants for such diffeomorphisms. Though no classification results were given in [29] , the ideas there nevertheless turned out to be very fruitful and have been put to use in the classification of diffeomorphisms, as is demonstrated, in particular, in the present survey. A classification of Morse-Smale diffeomorphisms on surfaces with infinitely many heteroclinic orbits which required the machinery of topological Markov chains follows from the paper [15] by Ch. Bonatti and R. Langevin, where necessary and sufficient conditions for topological conjugacy of Smale diffeomorphisms (C 1 -structurally stable diffeomorphisms) on surfaces were established.
points of the Morse index one (V. Grines, E. Gurevich, V. Medvedev [20] , [21] in [2007] [2008] . Topological classification of even the simplest Morse-Smale diffeomorphisms on 3-manifolds does not fit into the concept of singling out a skeleton consisting of stable and unstable manifolds of periodic orbits. The reason for this lies primarily in the possible "wild" behaviour of separatrices of saddle points. More specifically, even though the closure of a separatrix may differ from a separatrix by only one point, it may fail to be even a topological submanifold. D. Pixton [43] in 1977 was the first to construct a diffeomorphism with wild separatricesfor this he employed the Artin-Fox curve [3] to realize the invariant manifolds of a saddle fixed point (see Figure 7 ). Ch. Bonatti and V. Grines [8] in 2000 investigated the class of diffeomorphisms on a three-dimensional sphere (diffeomorphisms in the Pixton class) that have non-wandering set consisting of four fixed points: two sinks, a source, and a saddle. They showed that the Pixton class contains a countable set of pairwise topologically non-conjugate diffeomorphisms. Furthermore, the topological conjugacy class of a diffeomorphism from the Pixton class is uniquely determined by the embedding type of a one-dimensional separatrix in the basin of a sink, which is described by a new topological invariant: a smooth embedding of the circle S 1 (the orbit space of a one-dimensional separatrix) in the manifold S 2 × S 1 (the space of wandering orbits in the basin of a sink).
Another difference between Morse-Smale diffeomorphisms in dimension 3 from their surface analogues lies in the variety of heteroclinic intersections: a connected component of such an intersection may be not only a point as in the two-dimensional case, but also a curve, compact or non-compact. The problem of a topological classification of Morse-Smale cascades on 3-manifolds either without heteroclinic points (gradient-like cascades) or without heteroclinic curves was solved in a series of papers [8] , [9] , [11] , [12] , [13] from 2000 by Ch. Bonatti, V. Grines, F. Laudenbach, V. Medvedev, E. Pecou, O. Pochinka. In the present paper the topological classification of the set M S(M 3 ) of preserving orientation Morse-Smale diffeomorphisms f given on a smooth closed orientable 3-manifolds M 3 is obtained. Thus this paper is the last stone in a very long construction. But the result here is not a generalization of the previous results and there are a number of reasons for this. In the absence of heteroclinic points, each connected component ofΓ s f ,Γ u f in the scheme S f is a compact surface, a torus or a Klein bottle (not a lamination, as in the general case) and a modification of the homeomorphism of schemes in the neighborhoods of these surfaces, preserving the two-dimensional foliation (see the idea of the proof in Section 1.2), is reduced to the proof of topological facts of the type of Proposition 1.1. In the absence of heteroclinic curves, the connected components in the scheme can already be by a lamination, as in the general case. But, the fact that laminations of different stability do not intersect greatly simplifies the dynamics of such diffeomorphisms; such diffeomorphisms exist only on manifolds that are connected sums of finitely many copies of S 2 × S 1 . Accordingly, the construction of the conjugate homeomorphism is simpler than in the general case. As in the gradient-like case, we modify the homeomorphism of the schemes in the neighborhood of the lamination, preserving the two-dimensional foliation. In this case, the modification is done step by step from one component of the linear connection of the lamination to the other. We use author's topological facts that allow us to modify the homeomorphism on the current component without changing it on the previous one. However, all these achievements are still not enough for the general case, in which a transversal intersection of laminations of different stability is allowed. Modification in the neighborhood of each lamination will have to be done in such a way that changes in the neighborhood of stable lamination do not change the already adjusted homeomorphism in the neighborhood of unstable lamination. For this, the authors of the article invented thin exclusive topological constructions.
The exact formulation of the results
Let f ∈ M S(M 3 ). For q = 0, 1, 2, 3 denote by Ω q the set of all periodic points of f with the q-dimensional unstable manifold. Let us represent the dynamics of f in a form "source-sink" by a following way. Set
7 of f with the topological dimension less or equal than 1, the set V f is a connected 3-manifold and
are called equivalent if there is a homeomorphismφ :V f →V f with the following properties:
are topologically conjugate if and only if their schemes are equivalent.
The structure of the paper is the following:
• In Section 1 we give informal and formal formulations of the classification results for Morse-Smale 3-diffeomorphisms and a historical background of this classification problem.
• In Section 2 we represent the general properties of Morse-Smale diffeomorphisms and their space of wandering orbits, which are necessary for the topological classification.
• In Section 3 we construct a compatible system of neighbourhoods, which is a key point for the construction of a conjugating homeomorphism.
• In Section 4 we construct a conjugating homeomorphism.
• In Section 5 we prove some topological lemmas which we used in the classification theorem.
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General properties of Morse-Smale diffeomorphisms
In this part we represent the general properties of diffeomorphisms from the class M S(M n ) of orientation preserving Morse-Smale diffeomorphisms f given on a smooth closed orientable n-manifolds M n , which are necessary for the topological classification. Proofs of facts below can be found in following sources: [10] , [12] , [16] , [23] , [24] , [26] , [28] , [35] , [36] , [45] , [50] , [51] .
Dynamics
Let f ∈ M S(M n ). According to Definition 1.1, the non-wandering set Ω f of the diffeomorphism f consists of finite number of the periodic points (Ω f = P er f ). The hyperbolic structure of the set Ω f implies the existence of the invariant manifolds for each periodic point p ∈ Ω f of period m p : stable W s p and unstable W u p which are defined in topological terminus as the following: A periodic point p is called by saddle if 0 < q p < n and called by node in opposite case, moreover p is a sink (source) if q p = 0 (q p = n). As a diffeomorphism f preserves orientation then type orientation of any node point equals +1 but for a saddle point both values +1, −1 are possible. For q ∈ {0, . . . , n} denote by Ω q the set of all periodic points with the Morse index q and by k f the number of periodic orbits of f ∈ M S(M n ). Dynamical properties and topological type of a Morse-Smale diffeomorphism are largely determined by the properties of the embedding and by the mutual disposition of the invariant manifolds of the periodic points. The key role here belongs to the study of asymptotic properties of the invariant manifolds of the saddle periodic points. is completely determined by the Morse index q p and the orientation type ν p of the point p. Namely, according to theorem on the local topological classification of the hyperbolic fixed point of a diffeomorphism (see theorem 5.5 in [36] ), the map f mp is locally conjugated at p to a linear diffeomorphism a qp,νp : R n → R n given by the formula
Let us call a q,ν : R n → R n by a canonical diffeomorphism. Furthermore, denote by a 
If a periodic point is saddle then the embedding of its f -invariant neighborhood is also of important. We begin with the linear case.
For q ∈ {1, . . . , n − 1}, t ∈ (0, 1] let
and N 1 q = N q . Notice that the set N t q is invariant with respect to the canonical diffeomorphism a q,ν which has the only fixed saddle point at the coordinate origin O, its unstable manifold being
Herewith A becomes C r -manifolds with chats {(U ∩ A, ψ| U ∩A )}. C 0 -submanifold is called also topological submanifold. A classical topological fact says that a subset A of a C r -manifold X with r ≥ 1 is C r -submanifold if and only if it is image of a C r -embedding. That is there is a C r -manifold B and a regular C r -map g : B → X (the rank of Jacoby matrix of g at each point equals to the dimensional of the manifold B) and which homeomorphically sends B to the subspace A = g(B) with induced from X topology. The map g is called C r -embedding.
We call a neighborhood N σ of a saddle point σ ∈ Ω f linearizing if there is a homeomorphism µ σ : N σ → N qσ which conjugates the diffeomorphism f mσ | Nσ to the canonical diffeomorphism a qσ,νσ | Nq σ .
The neighborhood N Oσ = mσ−1 k=0 f k (N σ ) equipped with the map µ Oσ made up of the homeo- Due to the linear dynamics near saddle points we have the following fact.
be a compact neighborhood of the point σ and ξ ∈ T σ . Then for every sequence of points {ξ m } ⊂ (M n \T σ ) converging to the point ξ there are a subsequence {ξ m j }, a sequence of natural numbers k m j → +∞ and a point η ∈ (W u σ \ σ) such that the sequence of points {f km j (ξ m j )} converges to the point η.
Define in the neighborhood N q a pair of transversal foliations F u q , F s q by next way:
Notice that the canonical diffeomorphism a q,ν sends the leaves of the foliation F According to item (1) of Statement 2.1, the invariant manifold of a periodic point of a diffeomorphism f ∈ M S(M n ) is a smooth submanifold of M n . Nevertheless, its closure can have a complicated topological structure. The nature of this phenomenon is either dynamical or topological. The first case corresponds to a situation when a separatrix of a saddle point takes part in the heteroclinic intersections.
is called heteroclinic.
is countable, each point of this set is called heteroclinic point and the orbit of a heteroclinic point is called the heteroclinic orbit. 
It follows from the transversality of intersection of invariant manifolds of the periodic point that a diffeomorphism f ∈ M S(M n ) is gradient-like if and only if it has no heteroclinic points. According to item (3) of Statement 2.1 the closure of a separatrix of a saddle point which has heteroclinic intersections is not a topological manifold in general, but the closure of a separatrix of a saddle with no heteroclinic intersections is a topologically embedded manifold 9 . The following statement holds. For n = 2 according to E. Moise's results [33] , every compact arc and, hence, any separatrix with no heteroclinic points is tamely embedded into M
2 . An example of a wild compact arc in S
3
(that has nothing to do with the dynamics) was constructed by E. Artin and R. Fox in 1948 [3] . The first example of a Morse-Smale diffeomorphism with wildly embedded separatrices belongs 9 C 0 -map g : B → X is called a topological embedding of a topological manifold B to a topological manifold X if it homeomorphically sends B to a subspace g(B) with the induced from X topology. The image A = g(B) is called a topologically embedded manifold. Notice that a topologically embedded manifold is not a topological submanifold in general. If A is a submanifold then it is called by tame or tamely embedded, in the opposite case by wild or wildly embedded and the points of violation of submanifold's condition are called points of wildness. to D. Pixton [43] (see Figure 7) and it is based on Artin-Fox arc. The following statement proved in [27] and [17] contains a criteria of the tame embedding of separatrices of the saddle points for a diffeomorphism f ∈ M S(M 3 ).
, ω be a sink and According to S. Smale [50] , it is possible to define a partial order in the set of saddle points for a Morse-Smale diffeomorphism f as follows: for different periodic orbits O p = O q , one sets
In that case, it follows from lemma 1.5 of [35] that there is a sequence of distinct periodic orbits O p 0 , . . . , O pn satisfying the following conditions:
In that case the sequence O p 0 , . . . , O pn is said to be an n-chain connecting O p with O q . The length of the longest chain connecting O p , O q is denoted by
Let us divide the set of the saddle orbits of f by two parts Σ A , Σ R such that W
We called V by characteristic manifold. Below we study orbit space of some wandering sets and, in particular, characteristic spaceV = V /f .
Orbit spaces
In this section we interest the topology of an orbit space for some diffeomorphism g : X → X on a manifold X. We use denotation X/g for g-orbits on X and p X/g : X → X/g for the natural projection. Let us recall that a fundamental domain of action g on X is a closed set D g ⊂ X such that there is a setD g with the following properties:
We say that g acts discontinuously on X if for each compact set K ⊂ X the set of elements
In the case of such action the projection p X/g is a cover (see Statement 2.8 below) and then we can make the following construction. Suppose that the space X/g is connected and denote by n X the number of connected components of X and by p −1 X/g (x) the preimage of a pointx ∈ X/g with respect to the cover p X/g : X → X/g (it is an orbit of some point
). Letĉ be a loop in X/g such thatĉ(0) =ĉ(1) =x. Due to monodromy theorem (see, for example, corollary 16.6 in [28] ) there is a unique path c in X with the beginning at the point x (c(0) = x), which is the lift of c. Therefore, there is an element k ∈ n X Z 10 such that c(1) = g k (x). Let η X/g : π 1 (X/g) → n X Z be a map sending [ĉ] to k. Statement 2.8 Let a diffeomorphism g acts discontinuously on n-manifold X. Then: 1) the natural projection p X/g : X → X/g is a cover; 2) the quotient X/g is an n-manifold; 3) for a fundamental domain D g of action g on X the orbit spaces D g /g and X/g are homeomorphic;
4) the map η X/g : π 1 (X/g) → n X Z is an epimorphism.
Statement 2.9 Let diffeomorphisms g, g act discontinuously on manifolds X, X , accordingly, and X/g, X /g are connected. Then: 1) if h : X → X is a homeomorphism such that hg = g h then a mapĥ : X/g → X /g given by the formulaĥ = p
is a homeomorphism and η X/g = η X /g ĥ * ;
10 Here n X Z denotes the set of integers multiples by n X .
2) ifĥ : X/g → X /g is a homeomorphism such that η X/g = η X /g ĥ * then for some x ∈ X and x ∈ p −1 X /g (ĥ(p X/g (x))) there is a unique homeomorphism h : X → X being a lift ofĥ and such that hg = g h, h(x) = x . → S 3 the nonwandering set of which consists of eight periodic points with the following periodic data: is homeomorphic to S q−1 × S 1 × {0} and its tubular neighborhoodN u q,+1 is homeomorphic to 11 A generalized Klein bottle is a topological space which is obtained from S q−1 × [0, 1] by identification of its boundary with respect to map g : S q−1 × {0} → S q−1 × {1} given by the formula g(x 1 , x 2 , . . . , x q , 0) = (−x 1 , x 2 , . . . , x q , 1). Figure 11 shows these objects for n = 3; q = 1; ν = +1. To make the structure of the orbits spaceN Let us recall that we divided the set of the saddle orbits of f by two parts Σ A , Σ R such that W
Statement 2.14 The orbit spaceV = V /f is a closed orientable n-manifold.
Compatible foliations
In this section for any diffeomorphism f ∈ M S(M 3 ) the existence of a compatible system of neighbourhoods is proved. This system is a key point for the construction of conjugating homeomorphism. 
Remark 3.1 The compatible system of neighborhoods is a modification of the admissible system of the tubular families introduced by J. Palis and S. Smale in papers [35] and [37] . But we construct a compatible system of neighborhoods for arbitrary diffeomorphism f ∈ M S(M 3 ) independently (see Theorem 2) . Figure 12 shows a foliated neighborhood of a point A belonging to a heteroclinic curve. Below some Morse-Smale diffeomorphisms with heteroclinic curves on S 3 are represented.
Figure 12: Foliated neighborhood of a point on a heteroclinic curve
Let f ∈ M S(M 3 ). It follows from Statement 2.7 that if the set Ω 2 is empty then R f consists of unique source. If Ω 2 = ∅ then denote by n the length of the longest chain connecting some p, q from Ω 2 . Divide the set Ω 2 by f -invariant disjoint parts Σ 0 , Σ 1 , . . . , Σ n using the rule: beh(O|(Ω 2 \ O)) = 0 for each orbit O ∈ Σ 0 and beh(O|Σ i ) = 1 for each orbit O ∈ Σ i+1 , i ∈ {0, . . . , n − 1}.
Let us introduce the following notations. 
Observe that f acts freely on V i and denote the natural projection by p i : V i →V i and η i corresponding epimorphism; -for complicity we set
-for j, k ∈ {0, . . . , n} and t ∈ (0, 1), setŴ
As Ω 1 for f is Ω 2 for f −1 then it is possible to divide the periodic orbits of the set Ω 1 by parts by a similar way.
Theorem 2 For each diffeomorphism f ∈ M S(M
3 ) there is a compatible system of neighbourhoods.
Proof: The proof consists of four steps.
Step 1. Due to Lemma 3.5 in [9] there exist f -invariant neighbourhoods U 
Step 2. Let us construct an f -invariant neighbourhood U (H) of the set of the heteroclinic curves
equipped by an f -invariant foliation G consisting of two-dimensional discs which are transversal to H and to both foliations F
. By the construction the setĤ is compact and consists of at most countable set of curves being the projection of the heteroclinic curves. Let us divide the setĤ by partŝ H 0 , . . . ,Ĥ m next way:Ĥ 0 consists of all compact curves andĤ i+1 consists of curvesγ such that cl (γ) \γ ⊂ cl (Ĥ i ) for i ∈ {0, . . . , m − 1}.
Any curveγ ⊂Ĥ belongs to the intersection p f (W
) for some σ 1 ∈ Ω 1 , σ 2 ∈ Ω 2 (depending onγ). Then there is a tubular neighbourhood U (γ) of the curveγ foliated by twodimensional discsĜγ = {d x , x ∈γ} which are transversal to the leaves of the foliationsF
Denote byĜγ ,x a leaf of the foliationĜγ passing through a pointx. Due to the compatibility of two-dimensional foliations F
we can construct these tubular neighbourhoods with discs satisfying the properties: if
Denote byĜ a two-dimensional foliation which is formed by the two-dimensional discs of the foliationsĜγ,γ ⊂Ĥ and byF
) a one-dimensional foliation which is formed by the intersection of the leaves of the foliationĜ with the leaves of the foliationsF ) is well-defined.
We also have the following statement. Proof: The proof is done by an increasing induction from i = 0; it is skipped due to similarity to the Step 1.
Step 3. We prove the following statement for each i = 0, . . . , n. 
This is a neighbourhood of σ i ; it satisfies condition (vi) and the previous properties (i)-(v) still hold. A priori the boundary ofÑ i is only piecewise smooth; but, by choosing N (K s i ) correctly at its corners we may arrange that ∂Ñ i be smooth.
Step 4. For proving the theorem it remains to show the existence of linearizing neighbourhoods N i ⊂Ñ i , i = 0, . . . , n, for which the required foliations are the restriction to N i of the foliations F 
qp ) and µ p = hμ p : N p → N qp . Then, N p is the wanted neighbourhood with its linearizing homeomorphism µ p . Set N f k (p) = f k (N p ) and denote byμ i a map composed from µ p for all p ∈ Σ i such thatμ f k (p) (x) =μ p (f −k (x)) for x ∈ N f k (p) and k ∈ {1, . . . , per p}. For saddle points with index Morse 1 it is possible to prove lemmas similar to 3.1, 3.2 and, hence, construct compatible neighbourhoods.
The proof of the classification Theorem 1
Let us prove that diffeomorphisms f, f ∈ M S(M 3 ) are topologically conjugated if and only if their schemes are equivalent.
Necessity. Let diffeomorphisms f, f ∈ M S(M 3 ) are topologically conjugated by a homeomorphism h :
As the natural projects p f , p f are covers and ϕ sends the invariant manifolds of the periodic points of f to the invariant manifolds of the periodic points of f preserving dimension and stability then, due to Statement 2.9, a mapφ = p f ϕp −1 f :V f →V f is the required homeomorphism doing the schemes S f , S f equivalent.
Sufficiency. For proving the sufficiency of the conditions in Theorem 1, let us consider a homeomorphismφ :V f →V f such that: An idea of the proof is the following: we modify the homeomorphism ϕ in a neighborhood of Γ u f such that the final homeomorphism preserves the compatible foliations, then we do similar modification near Γ s f . So we get a homeomorphism h :
Then we can continuously extend h to Ω 0 assuming h(ω) = ω for every ω ∈ Ω 0 . A similar extension of h to Ω 3 finishes the proof.
Indeed all constructions we reduce to R 3 using linearizing maps. So in subsection below we prove the crucial Proposition for linear model and in subsection 4.2 in a sequence of lemmas we explain only how to reduce a non linear situation to the linear.
Linear model
Let us recall that we denoted by a : R 3 → R 3 the canonical linear diffeomorphism with the unique fixed point O = (0, 0, 0) which is a saddle point with the plane Ox 1 x 2 as the unstable manifold and the axis Ox 3 as the stable manifold; for simplicity, we assume that a has a sign ν = +. Let
be an a-invariant closed one-dimensional lamination such that either c = U ∩ T or T (maybe empty) is transversal to 12 For brevity, equivariance stands for (f, f )-equivariance.
∂U and every connected component of T ∩ U is segment which has unique intersection point with each connected component of ∂U .
Choose a point
. Denote by W the 3-ball bounded by the surfacec and the two planes Π(z 0 ) and Π(
). Let ∆ be a closed 3-ball bounded by the surfacec 1 and the two planes Ox 1 x 2 and Π(z 1 ). Let
Notice that the construction yields H ⊂ T and makes W a fundamental domain for the action of a on T (see Figure 13 ). > 0 and ξ : T \ Ox 3 → N be a topological embedding with the following properties:
Then there is a topological embedding ζ : T → N such that 1) ζa = aζ; 2) ζ is the identity on H;
⊂T . Moreover, if ξ is identity onB for a set B ⊂ (K \ U ) then ζ is also identity onB.
Proof: By the construction W is a fundamental domain of the diffeomorphism a restricted to T \ Ox 1 x 2 . Therefore to proof the proposition it is enough to construct the topological embedding ζ W = ζ| W with the properties 1)-5) on the set W. Because we can extend ζ W to T by the formula ζ(
, where a k (x) ∈ W on T \ Ox 1 x 2 and define ζ to be identity on Ox 1 x 2 .
Firstly we define ζ W to be identity on W ∩ H. Divide the remain part Q = W \ H on the following pieces: Figure 13) . Define a topological embeddings h Q 3 : Q 3 → Q by the following way.
. Thus we get the desired embedding ζ W on T ∪ Q 3 . By property 4) of the map ξ we have ξ(c 1 ) ∩c = ∅ (ξ(c) ∩c
) bound a closed 3-dimensional set, denote it byQ 1 , (Q 2 ). Due to Proposition 5.1 the setsQ 1 ,Q 2 are solid tori. Let
, . . . , m + 1} be the closure of a connected component of the set
Further let us consider two possibilities distinctly: case 1) c = U ∩ T or T is empty; case 2) T is transversal to ∂U and every connected component of T ∩ U is segment which has unique intersection point with each connected component of ∂U .
Case 1. Let us define a topological embedding h
Moreover we have a homeomorphism h ∂S i : ∂S i → ∂Š i which coincides with h A j on S i ∩ A j , with ξ on S i ∩c and with ζ W on S i ∩c 1 . By the construction a curve
Then (see [46] for example) there is a homeomorphism h S i :
Thus the required homeomorphism is defined by the formula
. Case 2. According to Proposition 5.2 and Remarks 5.1 there is a topological embedding
Thus the required homeomorphism is defined by the formula 
Reduction to the linear model
Recall the partition Σ 0 · · · Σ n associated with the Smale order on the periodic points of index 2. Firstly we formulated needed results from [9] . 
With this definition at hand, the neighbourhood N t i of Σ i is defined by the inequation
Observe that the radial function r s i endows each stable separatrix γ p of p ∈ Σ p with a natural order (and similarly with ).
Lemma 4.2 ([9], Lemma 4.2)
There is a unique continuous extension of
such that the following holds: 
Let us set a 0 = β 0 and a 1 = β 1 .
Lemma 4.4
If n ≥ 2 then there are numbers a 2 ∈ (0, β 2 ], . . . , a n ∈ (0, β n ] with following property for each i ∈ {2, . . . , n}:
is either empty or consists of open arcs each of which is a leaf of the foliation
Proof: We will construct the sequence by induction on i = 2, . . . , n. For i = 2 the unstable manifolds of points from Σ 2 have only heteroclinic intersections with the stable manifolds of saddles from Σ k with k < 2. Thus, the projectionŴ which is a leaf of the foliationF 
Proof: We are going to construct ψ 
By the construction the mapψ 
Let n ≥ 1, i ∈ {0, . . . , n − 1} and let G i be the union of all stable one-dimensional separatrices of saddle points in Σ i which contains heteroclinic points. LetǦ i ⊂ G i be the union of separatrices in G i such that G i = γ∈Ǧ i orb(γ) and, for every pair (γ 1 , γ 2 ) of distinct separatrices inǦ i and every k ∈ Z, one has γ 2 = f k (γ 1 ). For γ ∈ G i with the end point p ∈ Σ i and a point q ∈ Σ j , j > i, let us consider a sequence of different periodic orbits
= ∅, the length of the longest such chain is denoted by beh(q|γ). Let γ ∈Ǧ i be a separatrix of p ∈ Σ i and let N which contains γ. We endow with the index γ (resp. p) the preimages in M (through the linearizing map µ p ) of all objects from the linear model N associated with the separatrix γ (resp. p); for being precise we decide that µ p (γ) = Ox . Lemma 4.6 Let n ≥ 1, i ∈ {0, . . . , n − 1}. For every γ ∈Ǧ i there are positive numbers ρ, δ such that for every heteroclinic point Z 0 γ ∈ (γ ∩ W u qγ ) with z 0 < ε the following properties hold: (1) U p avoids all heteroclinic points; (2) either c p = U p ∩ T p or the sets ∂U p and T p intersected transversally and each pathconnected component of the intersection U p ∩ T p is a segment which intersects each from the both connected components of ∂U p at a unique point.
For chosen c p there is a positive number ε such that for every heteroclinic point Z 0 γ ∈ (γ ∩ W u qγ ) with z 0 < ε the following properties hold: 
there is a finite number of heteroclinic points from W s i−2 which we cover by the union of a finite number of closed 2-discs, and so on. Thus we get that all heteroclinic points in K p belong to the union of finitely many closed 2-discs avoiding ∂K p . Therefore, there is δ ∈ (0, ρ 4 ) such that U p avoids heteroclinic points. This proves item (1). As the set T p is closed one-dimensional C 1,1 -lamination then due to the theory of the general position there is a generic U p with the property (2) .
By assumption of Theorem 1, ϕ is defined on the complement of the stable manifolds and, by definition, φ (3) and (4) are fulfilled.
Let us fix U p satisfying items (1)- (2) of Lemma 4.6 and let us define
Lemma 4.7 Let n ≥ 2. For every i ∈ {0, . . . , n − 2} and γ ∈Ǧ i , there is a heteroclinic point Z 0 γ ∈ γ satisfying the conditions of Lemma 4.6 and in addition:
Proof: In this statement, it is meant thatŨ n−1 is associated with the points Z 0 γ , γ ∈Ǧ n−1 given by Lemma 4.6 andŨ i is associated with the points Z 0 γ , γ ∈Ǧ j given by Lemma 4.7 for every j > i. Therefore, it makes sense to prove this Lemma by decreasing induction on i from i = n − 2 to 0. That is what is done below. It is also worth noticing that nothing is required with respect to Σ n ; the reason why is that the stable separatrices of Σ n have no heteroclinic points.
Let us first prove the lemma for i = n − 2. Let γ ∈Ǧ n−2 and let p be the saddle end point of γ. Notice that the intersection γ ∩ K n−1 consists of a finite number points a 1 , . . . , a l avoiding U n−1 . Let d 1 , . . . , d l ⊂ K n−1 be compact discs with centres a 1 , . . . , a l and radius r * (in linear coordinates of N p ) avoiding U n−1 . Let us choose a number n * ∈ N such that ρ 2 n * < r * . Let T k ))∩K j consists of a finite number points a 1 , . . . , a l avoiding U j . Let d 1 , . . . , d l ⊂ K j be compact discs with centres a 1 , . . . , a l and radius r * (in linear coordinates of N p ) avoiding U j and such that r * is less than the distance between ∂(K j \ U j ) and (
the case i = n − 2 it is possible to choose a heteroclinic point Z 0 γ sufficiently close to the saddle p where γ ends such that the set (T γ \ (
Everywhere below, we assume that for every γ ⊂Ǧ i the neighborhood T γ satisfies to Lemmas 4.6 and 4.7. Let
For γ ⊂Ǧ i , j > i, let us denote by J γ,j the union of all connected components of W u j ∩ T γ which do not lie in int T k with i < k < j. Let J γ = n j=i+1 J γ,j and
limited by the plaques of the two heteroclinic points Z
Lemma 4.8 The set J γ,j ∩ W γ consists of a finite number of closed 2-discs. 
and µ p (T p ) = T . For i = 0, . . . , n − 1 let
Lemma 4.9 There is an equivariant homeomorphism ϕ 0 : M 0 → M 0 with following properties:
Proof: The desired ϕ 0 should be an interpolation between ϕ : V f T 0 → M and φ ϕ u 0 ,ψ s 0 | H 0 . Due to Lemma 4.6 (3) and the equivariance of the considered maps, the embedding
is well-defined. Let γ ⊂Ǧ 0 be a separatrix ending at p ∈ Σ 0 and ξ γ = ξ 0 | Tγ . By construction, the topological embedding ξ = µ p ξ γ µ on H i+1 and with ϕ i out of T i+1 .
Let G be the union of all stable one-dimensional separatrices which do not contain heteroclinic points, N Also we have similar objects with prime for f . Proof: LetǦ ⊂ G be a union of separatrices from G such that γ 2 = f k (γ 1 ) for every γ 1 , γ 2 ⊂Ǧ, k ∈ Z \ {0} and G = γ∈Ǧ orb(γ). Let i ∈ {0, . . . , n}, p ∈ Σ i and γ ⊂ G. 
Topological background
The following proposition is a corollary of Theorem 3.1 from [25] . In fact in paper [25] the objects are required to be smooth, but actually the results are true in the case when the objects are tame.
Proposition 5.1 Let P be homeomorphic to K × [0, 1], where K = S 1 × [0, 1] and Q ⊂ P is a tame embedded annulus such that P \Q is not connected and the annuli K ×{0}, K ×{1} belong to the different connected components of P \ Q. Then the set P \ Q consists of two connected components, the closure of each of which is homeomorphic to P . Proof: Let us introduce the canonical projection p : R 2 ×[0, 1] → R 2 , where p(r, t) = r. Let us consider a homotopy g t : ∂D 2 → R 2 , t ∈ [0, 1] given by formula g t (x) = p(g(x, t)). By [18] , there is an isotopyḡ t : ∂D 2 → R 2 , t ∈ [0, 1] such thatḡ t = g t for t ∈ C and lim t→C ||g t (x) −ḡ t (x)|| = 0.
Let us extend this isotopy up to an isotopyḠ t : R 2 → R 2 . LetḠ : R 2 × [0, 1] → R 2 × [0, 1] be a homeomorphism given by the formulaḠ(r, t) = (Ḡ t (r), t). (b n − a n ) = 0, below we construct homeomorphisms Ψ n : R 2 × [a n , b n ] → R 2 × [a n , b n ] which is ψ on A an,bn , is identity on L an ∪ L bn and such that lim n→∞ ||Ψ n (x, t) − (x, t)|| = 0, what finishes the proof. Let ψ n = ψ| A an,bn . As lim t→C ||ψ(x, t) − (x, t)|| = 0 then there is a sequence δ n which tends to 0 as n → ∞ and such that b n − a n < δ n and ψ n moves no point more than δ n . Let U n be a solid torus which is the one-sided δ n -neighborhood of A an,bn and Σ n = ∂U n . Let φ n : Σ n → R 2 × [a n , b n ] be a topological embedding which is ψ n on A an,bn and identity on the other part of Σ n .
Let Σ n = φ n (Σ n ) and U n is a solid torus bounded by Σ n (see Proposition 5.1). Let us choose in U n an even number of vertical meridian discs D . By the construction it moves no point more than 4δ n .
Doing the same for the other one-sided δ n -neighborhood of A an,bn and extending by identity out of the δ n -neighborhood of A an,bn , we get Ψ n .
Let K(x, t) = (x, κ(t)) onX × [τ 1 , 1]. Then the required homeomorphism can be defined by the formulaζ (x, t) = (x, t), t ∈ [0, τ 1 ]; K −1 ξ(K((x, s)))), s ∈ [τ 1 , τ 2 ].
Properties 2 and 3 automatically follows from this formula.
